Abstract. We introduce the notion of groups of polytope class and show that torsion-free amenable groups satisfying the Atiyah Conjecture possess this property. A direct consequence is the homotopy invariance of the L 2 -torsion polytope among G-CW-complexes for these groups. As another application we prove that the L 2 -torsion polytope of an amenable group vanishes provided that it contains a non-abelian elementary amenable normal subgroup.
Introduction
In the context of L 2 -invariants and related fields, infinite amenable groups stand out as a class of groups satisfying strong vanishing results. An infinite amenable has
• vanishing L • vanishing simplicial volume (provided that G is the fundamental group of a closed connected orientable manifold), see [Gro83, Section 3.1, Corollary (C)]. Recall that a group is of type F if it admits a finite classifying space. For the present paper the following result due to Wegner [Weg00, Theorem 5.4.5] deserves special attention. A group G of type F which is of det ≥ 1-class (i.e., the FugledeKadison determinant satisfies det N (G) (A) ≥ 1 for all matrices A ∈ M m,n (ZG), see [Lüc02, Definition 3.112 and Conjecture 13.2]) and contains a non-trivial elementary amenable normal subgroup has vanishing L 2 -torsion ρ (2) (G) = ρ (2) (EG; N (G)) = 0. In particular, the L 2 -torsion of any elementary amenable group of type F vanishes. This result was later slightly generalized [Weg09, Theorem 1] .
In [FL16a, FL16b] Friedl-Lück construct a new invariant P (X; G) called L 2 -torsion polytope of a G-CW-complex X (satisfying a number of assumptions, see Section 2.5), which shares many features with the L 2 -torsion ρ (2) (X; N (G)). It takes values in an integral polytope group P T (H 1 (G) f ), which is defined as the Grothendieck group of integral polytopes in H 1 (G) f ⊗ Z R up to translation. Here H 1 (G) f denotes the free part of the first integral homology H 1 (G) of G. Provided that G is an L 2 -acyclic group of type F with vanishing Whitehead group, one can define the L 2 -torsion polytope of G as P (G) = P (EG; G). In the spirit of the list above, Friedl-Lück-Tillmann propose the following conjecture [FLT16, Conjecture 6 .4].
Conjecture 1.1 (Vanishing of the L 2 -torsion polytope of amenable groups). Let G = Z be an amenable group satisfying the Atiyah Conjecture. Suppose that G is of type F and that Wh(G) = 0. Then we have for the L 2 -torsion polytope
In comparison with the original formulation, we replaced not virtually Z with not isomorphic to Z since any torsion-free virtually Z group is in fact isomorphic to Z. Since P (Z) ∈ P T (Z) ∼ = Z is the negative of an interval of length one, infinite cyclic groups need to be excluded from the statement of the conjecture.
This paper is dedicated to partial solutions of Conjecture 1.1. By means of the polytope homomorphism that is essential in the definition of the L 2 -torsion polytope, we introduce the notion of groups of P ≥ 0-class and the even stronger property of polytope class. These notions are polytope analogues of the aforementioned det ≥ 1-class. For groups of P ≥ 0-class, the L 2 -torsion polytope is a homotopy invariant of free finite L 2 -acyclic G-CW-complexes. There is a prominent class of groups possessing this property as shown by the first result. 
In particular, the L 2 -torsion polytope of an elementary amenable group of type F vanishes.
Beyond elementary amenable groups, we provide at least some evidence for Conjecture 1.1. The seminorm homomorphism N will be introduced in Definition 6.1. Proposition 6.3. Let G = Z be an amenable group of type F satisfying the Atiyah Conjecture. Then P (G) lies in the kernel of the seminorm homomorphism N :
and there is a polytope P such that in
Here N (G) is the group von Neumann algebra of G and dim N (G) denotes the dimension function on N (G)-modules, see [Lüc02, Definition 1.1 and Definition 6.20]. For a survey on the status of the Atiyah Conjecture we refer to [FL16a, Theorem 3.2] . In order to explain its relevance in our context we need the following objects.
Definition 2.2 (U(G) and D(G)). Let U(G) denote the algebra of operators affiliated to N (G), see [Lüc02, Chapter 8] . Algebraically, this is the Ore localization of N (G) with respect to the set of weak isomorphisms, see [Lüc02, Theorem 8.22 (1)].
Let D(G) be the smallest subring of U(G) which contains QG and is division closed, meaning that every element of D(G) which is a unit in U(G) is already a unit in D(G).
Thus we obtain a rectangle of inclusions
and using these rings we recall the following result. 
− −→ D(G).
If R is a ring and 0 → K → G p − −→ Q → 0 is a group extension, then any choice of (set-theoretic) section s : Q → G for p induces an isomorphism
Here the right-hand side denotes a crossed product ring of Q with coefficients in RK. We refer to [Lüc02, Section 10. 
ZG-maps such that f and g become invertible over D(G), then we require the relation
This definition coincides with [FL16b, Definition 1.1] since f : 
There are obvious maps
Recall that for any associative unital ring R an R-chain complex C * is finite if each chain module is finitely generated and only finitely many chain modules are non-trivial. It is based free if each chain module is a free R-module and equipped with an equivalence class of R-basis, where two R bases B, B ′ are equivalent if there exists a bijection σ :
It is contractible if there is a chain homotopy id C * ≃ 0. If C * is a based free finite contractible R-chain complex, then we denote its Reidemeister torsion by τ (C * ) ∈ K 1 (R). Likewise we denote the Whitehead torsion of a G-homotopy equivalence f : X → Y of finite free 
Its main properties are collected in [FL16b, Theorem 2.5]. We point out two of its properties that we need in this paper. First, given a G-homotopy equivalence f :
is the obvious homomorphism. We include the second statement here for future reference as a small lemma.
Let R be any associative unital ring and E * a finite based free contractible Rchain complex. If u * : E * → E * is a chain isomorphism and γ * : u * ≃ 0 * is a chain homotopy such that γ n • u n = u n+1 • γ n , then we have an equality
This follows in exactly the same way as the argument leading to [FL16b, Equation 2.3. Integral polytope groups. Let H be a finitely generated free-abelian group. An integral polytope in V H = H ⊗ Z R is the convex hull of finitely many points in H, considered as a lattice in V H . The Minkowski sum of two integral polytopes P and Q in V H is defined by pointwise addition, i.e.,
Denote by P(H) the commutative monoid of all integral polytopes in V H with the Minkowski sum as addition. It is cancellative, see e.g. [Sch93, Lemma 3.1.8].
Define the integral polytope group P(H) to be the Grothendieck group associated to this commutative monoid. Thus elements are given by formal differences P − Q of integral polytopes P, Q ∈ P(H), and two such differences P − Q, P ′ − Q ′ are equal if and only if P + Q ′ = P ′ + Q holds as subsets in V H . There is an injection of abelian groups (2.6) H → P(H), h → {h} and we let P T (H) be the cokernel of this map. The subscript T stands for translation since two polytopes become identified in P T (H) if and only if there is a translation on V H mapping one bijectively to the other. We let P T (H) be the image of the composition P(H) → P(H) → P T (H).
The group P(H) carries a canonical involution induced by reflection about the origin, i.e., (2.7)
This involution descends to an involution * : P T (H) → P T (H). A homomorphism f : H → H ′ of finitely generated free-abelian groups induces homomorphisms
by sending the class of a polytope P to the class of the polytope f (P ). If f is injective, then both P(f ) and P T (f ) are easily seen to be injective as well. Thus if G ⊆ H is a subgroup, then we will always view P(G) (respectively P T (G)) as a subgroup of P(H) (respectively P T (H)).
Example 2.7. Integral polytopes in V Z = R are just intervals [m, n] ⊆ R starting and ending at integral points. Thus we have P(Z) ∼ = Z 2 , where an explicit isomorphism is given by sending the class [m, n] to (m, n − m). Under this isomorphism, the involution corresponds to * (k, l) = (−l − k, l). Similarly, P T (Z) ∼ = Z, where an explicit isomorphism is given by sending the element [m, n] to n−m. The involution * on P T (Z) is the identity.
The structure of the integral polytope group was studied in detail by Cha-Friedl and the author [CFF17] and by the author [Fun16] .
2.4. The polytope homomorphism. Let G be a torsion-free group satisfying the Atiyah Conjecture such that H 1 (G) f , the free part of the first integral homology H 1 (G) of G is finitely generated. Under these conditions, Friedl-Lück [FL16b, Section 6.2] define a polytope homomorphism
Earlier versions of it had at least implicitly been considered for torsion-free elementary amenable groups [FH07, Fri07] . The polytope homomorphism is constructed as a composition
where the first map is the canonical map, the second is the Dieudonné determinant [Die43] which is in fact an isomorphism (see [Ros94, Corollary 2.2.6] or [Sil81, Corollary 4.3]), and the third relies on the structural properties of D(G) given in Lemma 2.5. More precisely we let K be the kernel of the projection pr : G → H 1 (G) f = H and define
as follows: Given a non-trivial element x = h∈H x h · h ∈ D(K) * H we let P ′ (x) be the convex hull of the set {h ∈ H | x h = 0}. Then P ′ is a homomorphism of monoids and induces a group homomorphism
Now we let P be the composition (2.9)
where the first map is the isomorphism appearing in Lemma 2.5. We will denote the induced maps
by the same symbol.
Notation 2.8. For non-trivial x ∈ ZG we denote the image of the class of x in D(G)
× ab under the map P simply by P (x) ∈ P T (H 1 (G) f ). This is the same as
The definition of our main object of study is now fairly simple.
Definition 2.9 (L 2 -torsion polytope). Let G be a torsion-free group satisfying the Atiyah Conjecture such that H 1 (G) f is finitely generated. Let X be a finite free L 2 -acyclic G-CW-complex. Then the L 2 -torsion polytope of X is defined as the image of the negative of its universal L 2 -torsion under the polytope homomorphism, i.e.,
2 -acyclic and satisfies Wh(G) = 0, then we may define the L 2 -torsion polytope of G to be
Remark 2.10 (Assumptions appearing in Definition 2.9). The assumption Wh(G) = 0 appearing above ensures that the L 2 -torsion polytope of groups is well-defined, see (2.3). Conjecturally, however, this assumption is obsolete: Any group of type F is torsion-free, and it is conjectured that the Whitehead group of any torsion-free group vanishes, see [LR05, Conjecture 3]. There is also no counterexample to the Atiyah Conjecture known. Thus the L 2 -torsion polytope is potentially an invariant for all L 2 -acyclic groups of type F . Within the class of amenable groups all torsion-free virtually solvable groups are known to have trivial Whitehead group since they satisfy the K-theoretic FarrellJones Conjecture, as proved by Wegner [Weg15] .
One of the main results of Friedl-Lück's theory states that if X = M is the universal cover of a 3-manifold M satisfying a number of conditions, then P ( M ; π 1 (M )) is the dual of the unit ball of the Thurston norm, see [FL16b, Theorem 3.35] .
A forerunner version of the L 2 -torsion polytope of groups was defined and examined by Friedl-Tillmann [FT15] in the special case where G is a torsion-free group given by a presentation with two generators, one relation, and b 1 (G) = 2. They show that in this case P (G) completely determines the BNS-invariant of Bieri-Neumann-Strebel [BNS87] . A similar result was obtained by Kielak and the author [FK16, Theorem 6.3] if G = F n ⋊ g Z is a free-by-cyclic group along a UPG automorphism g : F n → F n .
Groups of
Definition 3.1 (Partial order on polytope groups). Let H be a finitely generated free-abelian group. We define a partial order on P(H) by declaring
Likewise, we define a partial order on the translation quotient P T (H) by declaring
It is easy to see that this definition does not depend on the choice of representatives.
Definition 3.2 (P ≥ 0-class and polytope class). A group G is of P ≥ 0-class if it is torsion-free, satisfies the Atiyah Conjecture, b 1 (G) < ∞, and we have for any matrix A ∈ M n,n (ZG) which becomes invertible over D(G) that
is even represented by a polytope, i.e., it lies in the submonoid
Example 3.3.
(1) A finitely generated free-abelian group H is of polytope class since the Dieudonné determinant det D(H) (A) coincides with the determinant det ZH (A) over the commutative ring ZH and is therefore represented by an element in ZH. Hence P [r A : ZH n → ZH n ] is represented by a polytope. (2) If G is a torsion-free group satisfying the Atiyah Conjecture such that H 1 (G) f is of rank at most 1, then G is of polytope class. Namely, let We know from (2.3) that the L 2 -torsion polytope is a simple homotopy invariant of free finite L 2 -acyclic G-CW-complexes. This can be strengthened if G is of P ≥ 0-class.
Lemma 3.4. Let G be a group of P ≥ 0-class. Then the composition
is trivial. Moreover, the L 2 -torsion polytope is a homotopy invariant of free finite L 2 -acyclic G-CW-complexes.
Proof. An element in the image of ζ is of the form [r A : ZG n → ZG n ] for a matrix A ∈ M n,n (ZG) which has an inverse A −1 ∈ M n,n (ZG). Since G is of P ≥ 0-class,
and hence P([r A ]) = 0. The 'moreover' part immediately follows from this because of (2.3).
Remark 3.5 (Extension of P (G) to groups of P ≥ 0-class). Lemma 3.4 allows us to drop Wh(G) = 0 from the list of conditions in the definition of the L 2 -torsion polytope P (G) of groups (see Definition 2.9), provided that G is of P ≥ 0-class. Put differently, we can extend the definition of P (G) to groups G which are of type F and of P ≥ 0-class. We will take this into account in the formulations for the rest of this paper.
Polytope class and amenability
The goal of this section is to prove the following result.
Theorem 4.1 (Polytope class and amenability). Let G be a torsion-free amenable group satisfying the Atiyah Conjecture such that H 1 (G) f is finitely generated. Then G is of polytope class.
Its proof requires some preparation. Our main technical tool going into the proof are face maps.
Definition 4.2 (Faces and face maps)
. Let H be a finitely generated free-abelian group and P ⊆ V H = H ⊗ Z R an integral polytope. Take ϕ ∈ Hom(H, Z) which we also view as an element in Hom(H, R) = Hom R (V H , R). Then we call
A face of an integral polytope is an integral polytope in its own right, and it is straightforward to check that F ϕ (P + Q) = F ϕ (P )+ F ϕ (Q). These two observations imply that we obtain a homomorphism
that we call face map in ϕ-direction. There is an induced face map (denoted by the same symbol)
whose image is contained in the subgroup P T (ker ϕ).
The first lemma is possibly well-known in polytope theory, but we were not able to find the statement nor an implicit proof in the literature. In any case, it might as well be helpful in other situations.
Lemma 4.3 (Detecting polytopes by their faces). Let H be a finitely generated free-abelian group of rank at least 2. Then x ∈ P(H) is represented by a polytope
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if and only if for every ϕ ∈ Hom(H, Z) the class F ϕ (x) ∈ P(H) is represented by a polytope.
Proof. It suffices to prove this for H = Z n . Equip V H = R n with the standard inner product. The forward direction of the lemma is obvious.
For the backwards direction write x = P − Q for integral polytopes P and Q. By assumption F ϕ (x) = F ϕ (P )−F ϕ (Q) is an integral polytope for any ϕ ∈ Hom(H, Z), say S ϕ , so F ϕ (P ) = F ϕ (Q) + S ϕ . We can write
is an integral polytope satisfying P ⊆ Q + S. The remainder of the proof will be occupied with proving Q + S ⊆ P which will imply x = P − Q = S. This requires a number of steps. In the following, Greek letters will always denote elements in Hom(H, Z) without explicitly saying this. Moreover, given a compact subset A ⊆ V H and ϕ, we will use the shorthand notations
First note that we have for any ϕ and ψ
provided that the intersection in the middle is non-trivial, and likewise for Q.
Step 1: If ϕ, ψ are such that P ϕ ∩ P ψ is non-empty, then Q ϕ ∩ Q ψ and S ϕ ∩ S ψ are non-empty, and we have
We first argue that Q ϕ ∩ Q ψ is non-empty. Pick a vertex p ∈ P ϕ ∩ P ψ , and let α be such that P α = p. Then p = P α = Q α + S α , hence Q α = q and S α = s are just points. After translating Q, we may assume that s = 0 and p = q. Then for every β such that P β contains p we have Q β ⊆ P β and p ∈ Q β . This applies in particular to ϕ and ψ, hence p ∈ Q ϕ ∩ Q ψ . Now we compute
hence F ϕ (S ψ ) ⊆ S ϕ ∩ S ψ and S ϕ ∩ S ψ is non-empty. We also have
From this it follows that
Step 2: Let v 0 , v 1 , v 2 ∈ S n−1 ⊆ R n be such that v 1 lies on a geodesic path of length at most π from v 0 to v 2 in S n−1 . Write ϕ i = v i , · : R n → R. If P is any polytope such that P ϕ1 ∩ P ϕ2 is non-trivial, then we have
Pick an element x ∈ P ϕ1 ∩ P ϕ2 attaining the maximum on the right. Assume that we have ϕ 0 (P ϕ2 ) > ϕ 0 (P ϕ1 ∩ P ϕ2 ).
Then there exists y ∈ P ϕ2 such that ϕ 0 (y) > ϕ 0 (x), ϕ 1 (y) < ϕ 1 (x), and ϕ 2 (y) = ϕ 2 (x). In other words,
which cannot happen if v 1 lies on a geodesic path of length at most π from v 0 to v 2 .
Step 3: We have S ϕ = S ϕ . Let ϕ, ψ be arbitrary and write (up to scalar) ϕ = v, · and ψ = w, · for unit vectors v, w. There is a sequence of unit vectors v = v 0 , v 1 , ..., v m = w running along a geodesic path of length at most π from v to w in S n−1 such that P ϕi ∩P ϕi+1 is non-trivial. For brevity write from now on P i = P ϕi , Q i = Q ϕi , and S i = S ϕi . Then we have by Step 1
and by
Step 2
This implies
Since this is true for all i = 0, ..., m − 1, we conclude ϕ(S ψ ) ≤ ϕ(S ϕ ) and hence S ϕ = S ϕ .
Step 4:
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Pick arbitrary q ∈ Q and s ∈ S. With the aid of Step 3 we can calculate
for all i, and hence q + s ∈ P .
We also need the following auxiliary gadget.
Definition 4.4. Let H be a finitely generated free-abelian group and G ⊆ H a subgroup. We consider P T (G) as a submonoid of P T (H). Then we let P T (H, G) be the submonoid of P T (H) containing all elements that can be written as a difference P − Q for some P ∈ P T (H) and Q ∈ P T (G).
Example 4.5.
(1) For any subgroup G ⊆ H one has
We can interpret P T (H, G) as interpolating between the monoid of integral polytopes and the integral polytope group. (2) Let H be of rank 2 and let G 1 , G 2 be two subgroups of rank 1. If
Motivated by the last example we propose the following problem.
Question 4.6. Let H be a finitely generated free-abelian group and G 1 , G 2 be two subgroups. Do we always have
If this question has an affirmative answer, then the next lemma, for which we provide a different argument, would immediately follow.
Lemma 4.7. Let H be a finitely generated free-abelian group. Then
Proof. We prove the statement by induction on the rank of H. The rank 1 case is obvious.
For the higher rank case, pick an element x in the above intersection. For any homomorphism ϕ : H → Z we can find P ϕ ∈ P T (H) and Q ϕ ∈ P T (ker ϕ) such that
Since ϕ was arbitrary, we conclude
From the induction hypothesis we conclude F α (x) ∈ P T (ker α). As this holds for every homomorphism α : H → Z, we may apply the previous Lemma 4.3 to deduce that x ∈ P T (H). Now we can tackle the main result of this section.
Proof of Theorem 4.1. Recall from Lemma 2.4 that ZG satisfies the Ore condition with respect to T = ZG {0} and the inclusion induces an isomorphism T −1 ZG
Let A ∈ M n,n (ZG) be a matrix which becomes invertible over D(G). If H 1 (G) f = 0, then there is nothing to prove. Otherwise let us fix some epimorphism ϕ : G → Z and denote its kernel by K. Consider the associated twisted Laurent polynomial ring
given by the degree allows us to transform A to a triangular matrix T over D(K) t [u ± ] by using the operations
• Permute rows or columns;
• Multiply a row on the right or a column on the left with an element of the form y · u m for some non-trivial y ∈ D(K) and m ∈ Z;
-multiple of one row (resp. column) to another row (resp. column). These operations change the class [A] ∈ K 1 (D(G)) by adding an element of the form [y · u m ] for some non-trivial y ∈ D(K) and m ∈ Z. Since D(K) = (ZK {0}) −1 ZK, we may then multiply T with suitable elements in ZK to obtain a matrix over ZK t [u ± ] = ZG. This implies that there are elements a ∈ ZG and b ∈ ZK {0} such that we have in
Since ϕ was arbitrary, we have
By Lemma 4.7, this intersection is equal to P T (H 1 (G) f ), and the proof is complete.
Polytope class and the L 2 -torsion polytope
In this section we adapt Wegner's strategy built in [Weg00, Weg09] to the setting of the L 2 -torsion polytope. Together with the knowledge that torsion-free amenable groups are of polytope class, one of its applications will be the vanishing of the L 2 -torsion polytope of every elementary amenable group of type F . In order to motivate our first lemma we give a rough idea of the argument:
Instead of localizing the group ring ZG at ZG {0} in order to obtain D(G), we localize at a much smaller set S ⊆ ZG in order to obtain an intermediate ring
This set is small enough so that the polytope of invertible matrices over S −1 ZG still satisfies P ≥ 0, but it is large enough so that the localized cellular chain complex S −1 C * (EG) is already contractible. Combining these two facts makes the image of the Whitehead torsion of S −1 C * (EG) under an adjusted
But this image coincides with the negative of the L 2 -torsion polytope P (G).
Lemma 5.1. Let G be a group of type F which satisfies the Atiyah Conjecture and
is a multiplicatively closed subset with respect to which ZG satisfies the Ore condition and such that S −1 Z = 0 for the trivial ZG-module Z.
Proof. Since for any two elements x, y ∈ ZG we have P (x · y) = P (x) + P (y), it is clear that S is multiplicatively closed. The proof for the left and right Ore condition follows as in [Weg00, Proof of Theorem 5.4.5, Step 2 and 3], see also [Lüc02, Lemma 3.119]. We include the argument here for the sake of completeness.
Note that the canonical involution on ZG respects S, so it suffices to prove the right Ore condition. Let r ∈ ZG, s ∈ S and fix a set of representatives {g i | i ∈ I} for the cosets Ag ∈ A\G. Write r = i∈I a i g i for certain a i ∈ ZA, where almost all a i vanish.
lies in ZA since A is normal and P (s i ) = P (s) = 0. These two facts imply s i ∈ S.
Define s ′ = i∈I ′ s i ∈ S, x i = s ′ /s i ∈ S, and r ′ = i∈I ′ x i a i g i ∈ ZG. Then we compute
Finally we prove S −1 Z = 0. Pick some non-trivial a ∈ A ∩ ker(pr : G → H 1 (G) f ) = 0 (this is the only part where we need this assumption). Then P (1−a) = 0 in P T (H 1 (G) f ), so 1 − a lies in S. Since 1 − a acts by multiplication with 0 on Z, we conclude S −1 Z = 0.
Lemma 5.2. Let G be a group of P ≥ 0-class. Let S ⊆ ZG be a multiplicatively closed subset with respect to which ZG satisfies the Ore condition. Suppose that
Proof. This is based on ideas appearing in [Weg00, Proof of Theorem 5.4.5, Step 4 and 5], see also [Lüc02, Lemma 3.114].
Here i and j denote the obvious maps, det D(G) is the Dieudonné determinant, P is induced by the map defined in (2.9), P denotes the composition of the top row (which is the polytope homomorphism), and P ′ denotes the composition of the bottom row.
Let A be an invertible S −1 ZG-matrix. By multiplying A with a suitable s ∈ S we obtain a ZG-matrix B which is invertible over S −1 ZG and thus also over D(G).
). We assume that P (s) = 0 and that G is of P ≥ 0-class, so we have
Since the same reasoning applies to A −1 , we have P ′ ([A]) = 0 and thus P ′ = 0. Denote by C * = C * (X) the cellular ZG-chain complex of X equipped with some choice of cellular basis. By Lemma 2.6 the D(G)-chain complex D(G) ⊗ ZG C * is contractible and we have
Since localization is flat and S −1 H n (X) = 0, the S −1 ZG-chain complex S −1 C * = S −1 ZG ⊗ ZG C * is also contractible, and we have
which completes the proof.
The following is the main result of this section. In particular, A ∩ ker(pr : G → H 1 (G) f ) = 0. Since A is characteristic in S and S is characteristic in N , A is normal in G.
Case 2: N is virtually abelian. Let A be a normal abelian subgroup of finite index. By assumption N is not abelian, so ker(pr : N → H 1 (N ) f ) is non-trivial and hence infinite as G is torsion-free. But any infinite subgroup of N must intersect A non-trivially. Thus in particular, A ∩ ker(pr :
In both cases we may apply Lemma 5.1. This provides us with a subset S ⊆ ZG satisfying the assumptions of Lemma 5.2 for X = EG. Hence P (G) = 0. 
In particular, the L 2 -torsion polytope of any elementary amenable group of type F vanishes.
Proof. By Theorem 4.1 an amenable group G of type F satisfying the Atiyah Conjecture is of polytope class. Hence the first statement follows directly from Theorem 5.3.
For the second statement, recall from Lemma 2.4 that an elementary amenable group G of type F satisfies the Atiyah Conjecture. Hence P (G) = 0 follows from the previous statement provided that G is non-abelian. If G is abelian, then G must be finitely generated free-abelian, so P (G) = 0 follows from ρ We emphasize the following remark that was also used in the proof of Theorem 5.3. Remark 5.6 (Generalization to the universal L 2 -torsion). The proof of Corollary 5.4 crucially relies on the existence of a partial order on polytope groups even though the original statement does not involve them. One difficulty in proving the corresponding statement for the universal L 2 -torsion ρ
u (G) lies in the structural deficit of Wh w (G) that it does not carry a meaningful partial order.
Evidence for non-elementary amenable groups
In this short final section, we offer some evidence for the validity of Conjecture 1.1 for amenable groups that are not elementary amenable. This computation is to a great extent based on known results. Our main tool will be norm maps.
Given a finitely generated free-abelian group H, we denote by Map(Hom(H, R), R) the group of continuous maps Hom(H, R) → R equipped with pointwise addition.
A polytope P ∈ P(H) induces a seminorm on Hom(H, R) by ϕ P = max{ϕ(p) − ϕ(q) | p, q ∈ P }.
This seminorm behaves well with respect to Minkowski sums in the sense that ϕ P +Q = ϕ P + ϕ Q for all ϕ ∈ Hom(H, R), which allows us to make the following definition.
Definition 6.1 (Seminorm homomorphism). We call N : P(H) → Map(Hom(H, R), R), P − Q → · P − · Q seminorm homomorphism. It passes to the quotient P T (H) and the induced map is denoted by the same symbol.
The cornerstone of our argument will be the following theorem. If G is a group, we will identify Hom(H 1 (G) f , R) with H 1 (G; R) in the following.
Proposition 6.3 (L 2 -torsion polytope of amenable groups). Let G = Z be an amenable group of type F satisfying the Atiyah Conjecture. Then P (G) lies in the kernel of N : P T (H 1 (G) f ) → Map(H 1 (G; R), R) and there is a polytope P ∈ P T (H 1 (G) f ) such that P (G) = P − * P.
Proof. Let pr : G → H 1 (G) f = H be the obvious projection. Suppose that H = 0 since there is nothing to prove otherwise. Let ϕ : H → Z be an epimorphism, and put K = ker(ϕ • pr : G → Z). Then we have by [FL16b, Equation (3.26)] and [FL16a, Lemma 2.6] N(P (G))(ϕ) = −χ (2) (i * EG; N (K)) = −χ (2) (EK; N (K)), where χ (2) (X; N (K)) denotes the L 2 -Euler characteristic of a K-space X, see [Lüc02, Section 6.6].
As a subgroup of an amenable group, K is itself amenable. Since G = Z, K must be infinite. Since infinite amenable groups are L 2 -acyclic, we see χ (2) (EK; N (K)) = 0. (Note that for this argument it is irrelevant that i * EG = EK is not a finite K-CW-complex.) Thus we have N(P (G))(ϕ) = 0 for all surjective homomorphisms ϕ : H → Z.
As a difference of seminorms N(P (G)) is homogeneous and continuous. By the homogeneity we have N(P (G))(ϕ) = 0 for all homomorphisms ϕ : H → Q, and by the continuity we have N(P (G))(ϕ) = 0 for homomorphisms ϕ : H → R. Hence P (G) ∈ ker N : P T (H) → Map(H 1 (G; R), R) . Now by Theorem 6.2 we have P (G) ∈ im id − * : P T (H) → P T (H) . Hence there exists a class R − S ∈ P T (H) such that P (G) = R − S − ( * R − * S) = R + * S − * (R + * S).
Taking P = R + * S finishes the proof.
